An improved optical geometry of the projected-fringe profilometry technique, in which the exit pupil of the projecting lens and the entrance pupil of the imaging lens are neither at the same height above the reference plane nor coplanar, is discussed and used in Fourier-transform profilometry. Furthermore, an improved fringe-pattern description and phase-height mapping formula based on the improved geometrical generalization is deduced. Employing the new optical geometry, it is easier for us to obtain the full-field fringe by moving either the projector or the imaging device. Therefore the new method offers a flexible way to obtain reliable height distribution of a measured object.
Introduction
Fourier-transform profilometry 1 (FTP) is one of the popular 3D sensing methods, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] in which a grating pattern is projected onto an object, the deformed fringe pattern is Fourier transformed and processed in its spatial frequency domain as well as in its space-signal domain, and then the depth distribution of the test surface is reconstructed. However, in traditional FTP, the conversion from phase to height is deduced depending on the supposition that not only are the projector and the camera at the same height above the reference plane, but also their axes must cross at the same point on the reference plane. When these conditions are too strict to be satisfied, a large measurement error will be introduced.
In this paper what is believed to be a new phaseheight mapping formula based on an improved description of a reference fringe pattern and a deformed fringe pattern in FTP is proposed in which the projector and the imaging system can be set freely as long as a full-field fringe pattern can be obtained. A strict theoretical analysis about the fringe description as well as the conversion between the phase and the height are given. This is a general formula to obtain the reliable height distribution of a measured object, while the conversion formula between the phase and height 1 of the traditional FTP is just a special case. Employing the improved FTP method, it is easier for us to obtain the full-field fringe by adjusting the projector or the imaging device. Both computer simulations and experiments have verified our analysis.
Principle of the Method

A. Phase Calculation
The improved optical geometry of the FTP method is shown by the solid lines in Fig. 1 . I 1 is the exit pupil of the projector, and I 20 is the entrance of the CCD camera. The optical axis I 1 O crosses the reference plane R at point O, and the optical axis I 20 O 1 is vertical to the reference plane and crosses it at another point O 1 . Note that the connecting line I 1 I 20 is not parallel to the reference plane and that I 1 O and I 20 O 1 are not coplanar. D͑x, y͒ and C 1 are points on the 3D object and on the reference plane, respectively, and they are imaged at the same point on the CCD array. I 1 A is a ray through the D point to the reference plane. We add several dashed lines in the figure as guidelines for our analysis. I 1 H parallels the reference plane and crosses I 20 O 1 at point H (I 1 H is not in the figure plane). I 1 K is vertical to the reference plane R. We then draw a line I 2 O through point O, which parallels the optical axis of the CCD, and point I 20 is rotated to point I 2 around point D, and C 1 is rotated to point C, which must be on line OA. BD is vertical to plane R, which denotes the height of point D on the measured object. I 1 F parallels the reference plane R and crosses I 2 O and the extension of BD at points G and F, respectively. I 2 D crosses I 1 F at point P.
At last we draw guidelines HG and OO 1 
The fringe pattern on the reference plane may be expressed as 8
where I 0 is the illumination light intensity and f͑x͒ is the spatial frequency of the reference fringe along the x axis, which can be expressed by 8 -10 f
where f is the carrier frequency of the grating.
Compared with the case in which the imaging axis crosses the projecting axis at the same point on the reference plane, if the influence on the CCD imaging quality is neglected, moving the CCD just causes the movement of the image's location on the CCD array, whereas the relationship among the adjusted pixel points is unchanged. Therefore I 2 O can be regarded as a virtual optical axis. In ⌬OI 1 G, I 1 O ϭ r͞sin , and considering I 2 G ϭ I 20 H, we can obtain
where
When the measured object is placed, the deformed fringe pattern can be expressed as
where ͑x, y͒ is the phase distribution caused by the height variation h͑x, y͒, which is expressed as 1
where CA can be calculated by the following process. Because ⌬ABD is similar to ⌬DI 1 F, and ⌬BCD is also similar to ⌬DPF, the following expression can be obtained:
Analyzing similar triangles ⌬PI 2 G, ⌬OI 2 C, and ⌬BCD, we obtain
Substituting Eq. (8) into Eq. (7), we obtain 
After simplification, the reference fringe and the deformed fringe can be rewritten as the following simple forms:
where f 0 ϭ f cos , and 0 ͑x, y͒ and ͑x, y͒ are the phase distributions included in the reference fringe and the deformed fringe. I 1 ͑x, y͒ and I 2 ͑x, y͒ are Fourier transformed and processed in their spatial frequency domain as well as in their space-signal domain; then 0 ͑x, y͒ and ͑x, y͒ can be calculated, and the core phase distribution ⌬͑x, y͒ that directly corresponds to the height distribution of the tested object can be obtained 11 : In this subsection the conversion formula between the phase and the height will be deduced. Analyzing ⌬ABD and ⌬CBD we obtain
where cot ␦ ϭ OC͞L ϭ C ͞2f 0 L ( C denotes the phase of fringe pattern at point C on the reference plane). Because OA ϭ A ͞2f 0 ϭ D ͞2f 0 ( D and A represent the phase of fringe pattern at point D on the object and the phase of fringe pattern at point A on the reference plane, respectively), CA ϭ |OA Ϫ OC| ϭ | DC ͞2f 0 |. In the optical geometry as shown in Fig. 1 , DC Ͻ 0, thus
Analyzing ⌬AKI 1 we obtain Substituting Eqs. (15) and (16) and cot ␦ ϭ OC͞L ϭ C ͞2f 0 L into Eq. (14), after simplification, we obtain
where L, s, ␣ 1 , and r can be measured directly and f 0 ϭ f cos . In addition, the DC represents the phase difference between the object and reference planes that can be calculated by Eq. (13), and C is the phase of point C on the reference plane. If ␣ 1 ϭ 0 and r ϭ d, Eq. (17) can be simplified as
which is just the traditional phase-height mapping formula. 1 Therefore Eq. (17) is a general formula for obtaining the reliable height distribution of a measured object, while the conversion formula between the phase and height 1 of the traditional FTP is just a special case of our formula.
Computer Simulations
In this section, some computer simulations are used to verify our method. The optical geometry is shown in Fig. 1 . Assume that the angle ␣ 1 is positive if point I 20 is above the point H; otherwise, it is negative. The simulation object is built by the function 4*peaks(512) in MATLAB language, as shown in Fig. 2 , in which the maximal height is h ϭ 32.42 mm. The simulated deformed grating with period T ϭ 16 pixels is as shown in Fig. 3 when ␣ 1 ϭ 0°, the size of the image is 512 ϫ 512 pixels, and the system parameters are r ϭ 800, s ϭ 400, and L ϭ 2000 mm. When we adjust the position of the CCD to form ␣ 1 ϭ 0°, 10°, 30°, 50°, the reconstructed height error distributions using our method are shown in Figs. 4(a)-4(d) for each case. Figure 4 (e) is the reconstructed height error distribution corresponding to ␣ 1 ϭ Ϫ10°. In addition, when ␣ 1 ϭ 50°, a comparison experiment is carried out to show that there is a large error when the conventional phase-height mapping algorithm is used, as shown in Fig. 4 (f): The error (mean-square deviation) rises to 1.7936, and the maximal height is 25.03 mm; when the new method is used, the error (mean-square deviation) is 0.3732, and the maximal height is 31.73 mm, as shown in Fig. 4(d) .
In Table 1 , the mean-square deviation and maximal height distributions corresponding to different angles are listed. A detailed analysis of the error will be discussed in a future work.
In addition, we should note that the new method can correctly reconstruct a 3D height distribution even if ␣ 1 ϭ 90°, which is equivalent to the case in which the projector remains stationary but the CCD rotates around the projector on the corresponding spherical surface. ␣ 1 ϭ 90°is the case where the CCD is just above the projector-i.e., the two axes are coplanar, but the projector and the camera are not at the same height.
Experiment
A primary experiment is used to verify our method in which a model with the maximal height h ϭ 32.5 mm is measured. A fringe pattern with sinusoidal intensities is projected through a projector (PLUS U3-880) on the test object. The projector and the CCD (MTV-1881EX) are not at the same height above the reference, and the optical axes of the projector and that of the CCD are not in a common plane. The system parameters are r ϭ 360.0 and s ϭ 280.0 mm, Figure  7 is the reconstruction height distribution by the new method where the maximal height is 33.1 mm, whereas the reconstruction maximal height by the traditional method is 27.4 mm, as shown in Fig. 8 . Although they have a similar shape, the improved phase-height algorithm gives the correct height reconstruction.
Conclusion
An improved description about a reference fringe and a deformed fringe and a phase-height mapping formula have been deduced in the paper. Not only are they suitable for dealing with the case in which the connecting line between the exit pupil of the projector and the entrance pupil of the imaging device are nonparallel to the reference plane, but also for the case in which the projecting optical axis and the imaging axis are not in a common plane. Employing the new theory it is easier for us to obtain the full-field fringe by adjusting either the projector or the imaging device. Our analysis shows that the traditional FTP arithmetic is just a special example of our method. This project was supported by the National Nature Funds of China (60527001, 60677028).
